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Overview
• Motivation
• New Reserve Optimisation
• Compare New with Old Reserve Formulation
• Pricing Methodology
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Why should the Instantaneous Reserve (IR) Market be modified?
Increasing awareness that
• Our ancillary services need to become ‘technology agnostic’ to allow the full value of 
emerging distributed energy resources to be realised through multiple products.
• And to consider the greater requirement for faster reserves to allow the greater 
uptake of intermittent wind and solar penetration.
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Monthly Instantaneous Reserve Cost
Source: System Operator Monthly Performance Reports
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More wind generation is coming …
Turitea Windfarm - 119 MW
Expected Completion – Late 2021
Waipipi Windfarm - 133 MW
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… and will impact IR requirements.
• Reduced Inertia
– If wind generation replaces thermal generation, North Island inertia will decrease.
– In the South Island the minimum inertia will decrease, but the average will remain the same.
• Changes in Largest Risks
– NI AC CE Risk will decrease, as large thermal units are removed from the NI.
– NI DC CE Risk will increase, as HVDC transfers North will increase, assuming additional wind 
generation built in the SI. 
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Simulation of North Island Inertia
Scenarios of increasing wind 
generation in addition from 
the current 690 MW.
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Simulation of NI DCCE Risk 
Scenarios of increasing wind 
generation in addition to the 
current 690 MW.
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2012 South Island Reserve Shortage
Quarterly Distribution of IR Requirement
• Southward HVDC transfer
• SI with low inertia as there was low 
generation to conserve water.
• Greater requirement for FIR over SIR 
implying a greater requirement for the 
faster response speed.
• And that the frequency nadir would 
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Motivation - Questions
• Can ensuring response speed of reserve be more efficiently procured to 
avoid unused capacity?
• How can the different response speeds of Spinning Reserve (SR) and 
Interruptible Load (IL) be considered in the market optimisation and priced 
differently.
• Can other reserve types, such as Battery Energy Storage Systems (BESS) 
and synthetic inertia from wind turbines, participate in the IR market?
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New Reserve Optimisation Formulation
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New Reserve Optimisation Formulation
• Similar to the Area Under the Curve (AUTC) approach.
• Avoids the discretisation of time that previous AUTC approaches require.
• Responses are modelled by two reserve categories, called:
– Interruptible Load (IL) for an Instantaneous Response,
– Spinning Reserve (SR) for a Ramped Response.
• Constraints on power system frequency are placed in the optimisation. 
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Time ramping stops depends 
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= −𝑅 + ෍
𝑖∈𝐼𝐿_𝑂𝐹𝐹
𝑃𝑖 𝑡 + ෍
𝑖∈𝑆𝑅_𝑂𝐹𝐹
𝑈𝑖 𝑡
• 𝑓 Power System Frequency transient in per unit deviation from the nominal frequency.
• 𝐻 Inertial Constant in MWs.
• 𝑅 Risk in MW.
• 𝑃𝑖(𝑡) Interruptible Load response as a function of time, in MW.
• 𝑈𝑖 𝑡 Spinning Reserve response as a function of time, in MW.
• 𝑖 Index for each individual offer. 𝐼𝐿_𝑂𝐹𝐹 is the set of IL offers, and 𝑆𝑅_𝑂𝐹𝐹 is the set of SR offers.
16 Transpower Seminar 2020
Integrating to find the Frequency Transient





𝑃𝑖 𝜏 + ෍
𝑖∈𝑆𝑅_𝑂𝐹𝐹
𝑈𝑖 𝜏 𝑑𝜏 + 𝑓 0
• Integrating gives the meaning to why it is called an Area Under the Curve approach.
• It is assumed that the initial frequency is equal to the nominal value of 50 Hz, i.e. 𝑓 0 = 0.
• Partially evaluating the integral:
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Area Under an IL Offer
• For 𝑡 ≤ 𝑡𝑖,𝑝 0׬
𝑡
𝑃𝑖 𝜏 𝑑𝜏 = 0
• For 𝑡 ≥ 𝑡𝑖,𝑝 0׬
𝑡
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Area Under an SR Offer
• Generally the area is equal to the area of the green 
rectangle minus the area of the orange triangle.
• For 𝑡 ≤ 𝑡𝑖,𝑢 0׬
𝑡
𝑈𝑖 𝜏 𝑑𝜏 = 0


































𝑡𝑖,𝑒 = 𝑡𝑖,𝑢 +
𝑢𝑖
𝑔𝑖
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Frequency Transient
2𝐻𝑓 𝑡 = −𝑅𝑡 + ෍
𝑡≥𝑡𝑖,𝑝
𝑖∈𝐼𝐿_𝑂𝐹𝐹
𝑝𝑖 ∙ 𝑡 − 𝑡𝑖,𝑝 + ෍
𝑡≥𝑡𝑖,𝑢
𝑖∈𝑆𝑅_𝑂𝐹𝐹






















This optimisation forms a 
series of constraints to 
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Final gradient in the frequency transient is non-negative.






Reserve Requirement Constraint 𝑅 𝒗 ≤ 0, where 
𝒗 = 𝐻 𝑅 𝑝1 ⋯ 𝑢1 ⋯
𝑻
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At the time of each step change in frequency 
constraint evaluate 𝑓 𝑡 ≥ 𝑓𝑙𝑖𝑚 𝑡
2𝐻𝑓𝑘 + 𝑅𝑡𝑘,𝑙 − ෍
𝑡𝑘,𝑙≥𝑡𝑖,𝑝
𝑖∈𝐼𝐿_𝑂𝐹𝐹
𝑝𝑖 ∙ 𝑡𝑘,𝑙 − 𝑡𝑖,𝑝 − ෍
𝑡𝑘,𝑙≥𝑡𝑖,𝑢
𝑖∈𝑆𝑅_𝑂𝐹𝐹





An individual constraint is called a frequency limit constraint, 𝐹𝑘 𝒗 ≤ 0
23 Transpower Seminar 2020












The minimum frequency constraint requires 
𝑓 𝑡𝑚𝑖𝑛 ≥ 𝑓𝑙𝑖𝑚 𝑡𝑚𝑖𝑛
The time of the minimum frequency, 𝑡𝑚𝑖𝑛, 
occurs when Τ𝑑𝑓 𝑑𝑡 = 0
2𝐻𝑓𝑙𝑖𝑚 𝑡𝑚𝑖𝑛 + 𝑅𝑡𝑚𝑖𝑛 − ෍
𝑡𝑚𝑖𝑛≥𝑡𝑖,𝑝
𝑖∈𝐼𝐿_𝑂𝐹𝐹
𝑝𝑖 ∙ 𝑡𝑚𝑖𝑛 − 𝑡𝑖,𝑝 − ෍
𝑡𝑚𝑖𝑛≥𝑡𝑖,𝑢
𝑖∈𝑆𝑅_𝑂𝐹𝐹





The minimum frequency constraint is also expressed as, 𝐹𝑚𝑖𝑛 𝒗 ≤ 0









0 ≤ 𝑝𝑖 ≤ 𝑝𝑖
𝑚𝑎𝑥
0 ≤ 𝑢𝑖 ≤ 𝑢𝑖
𝑚𝑎𝑥
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What are the difficulties?
1. The Frequency Limit Constraints, 𝐹𝑘 𝒗 ≤ 0
a. Quadratic term - ൗ𝑈𝑖 𝑡𝑘,𝑙
2
2𝑔𝑖
b. The expression - 𝑈𝑖 𝑡𝑘,𝑙
2. The Minimum Frequency Constraint, 𝐹𝑚𝑖𝑛 𝒗 ≤ 0
a. The time of the minimum frequency 𝑡𝑚𝑖𝑛 is a variable.
b. Consequently the expression under the summation 𝑡𝑚𝑖𝑛 ≥ 𝑡𝑖,𝑝 and 𝑡𝑚𝑖𝑛 ≥ 𝑡𝑖,𝑢
c. The expression 𝑓𝑙𝑖𝑚 𝑡𝑚𝑖𝑛
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What does this mean for solving the problem?
• Cannot use Linear Programming (LP) or Quadratically Constrained 
Programming (QCP) to solve this problem.
How can it be solved?
• The feasible solution space is convex.
• The feasible solution space can be divided into finitely many QCP problems.
• A Piecewise QCP (PQCP) solver can be used.
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Example of Dividing the Feasible Solution Space
• Removing 𝑈𝑖 𝑡𝑘,𝑙 from the frequency limit constraint …
• Divide the feasible solution space along the plane 𝑢𝑖 = 𝑔𝑖 ∙ 𝑡𝑘,𝑙 − 𝑡𝑖,𝑢
𝑢𝑖 = 𝑔𝑖 ∙ 𝑡𝑘,𝑙 − 𝑡𝑖,𝑢
𝑢𝑖















𝑔𝑖 𝑡𝑘,𝑙 − 𝑡𝑖,𝑢
2
Finishes ramping before 𝑡𝑗,𝑙 Finishes ramping after 𝑡𝑗,𝑙
Dispatch of Reserve from SR Offer 𝑖
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General QCP problem for a region
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Notes to the previous slide
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Example 1 - Offers
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Example 1 – Optimal Frequency Transient
Frequency Limit
Frequency Transient 
with the optimum price
Inertia is 15,000 MWs
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Example 1 – Global Optimum
Optimal Dispatch
Offers
Solutions after solving each region/step
Region 1 Region 2 Region 3 Region 4 Region 5
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Impact of Inertia and Risk on the Optimal Dispatch
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Variation in Inertia
Optimal frequency transient for different inertia on a power system
Frequency Limit
Risk is 400 MW
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Variation in Risk
Frequency Limit
Optimal frequency transient for different risk on a power system
Inertia is 15,000 MWs
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Simplified Comparison with Current IR Optimisation
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Simplified SPD and RMT Model
Scheduling, Pricing, and Dispatching (SPD)
merit order curve optimisation
Reserve Management Tool (RMT)









Net Free Reserves (NFR)
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Example 2 – Total Cost for Variations in Inertia 
New Formulation
Simplified SPD and RMT
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Example 2 – Total Reserve for Variations in Inertia 
New Formulation
Simplified SPD and RMT
Risk is 400 MW
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Pricing Methodology
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Comparing Pricing Methodology
• Current Formulation
– Reserve prices are the shadow price of reserve requirement constraints.
– Individual prices for Fast Instantaneous Reserve (FIR) and Sustained Instantaneous Reserve 
(SIR).
• New Formulation
– Distinction between FIR and SIR is removed.
– A reserve price function is created instead, a function of time when a unit of reserve responds.
– The reserve price function is derived from the Karush-Kuhn-Tucker (KKT) conditions.
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Example 2 – Dispatched and Undispatched Reserve










time to finish ramping
Reserve Price Function
All reserve on this side of the reserve 
price function is not dispatched.
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KKT Condition on Gradients
𝒄 + 𝜈𝛻𝑅 𝒗 + 𝜆𝑚𝑖𝑛𝛻𝐹𝑚𝑖𝑛 𝒗 +෍
𝑗
𝜆𝑗,𝑙𝛻𝐹𝑗 𝒗 − 𝝁
𝑚𝑖𝑛 + 𝝁𝑚𝑎𝑥 = 0
• The vector of optimised variables 𝒗 = 𝐻 𝑅 𝑝1 ⋯ 𝑢1 ⋯
𝑇
• The price vector 𝒄 = 0 0 𝑐1,𝑝 ⋯ 𝑐1,𝑢 ⋯ 𝑇
• 𝜈 is the KKT multiplier for the reserve requirement constraint 𝑅 𝒗 ≤ 0
• 𝜆𝑚𝑖𝑛 is the KKT multiplier for the minimum frequency constraint 𝐹𝑚𝑖𝑛 𝒗 ≤ 0
• 𝜆𝑗,𝑙 is the KKT multiplier for a frequency limit constraint  𝐹𝑗 𝒗 ≤ 0
• 𝜇𝑖
𝑚𝑖𝑛 is the KKT multiplier for minimum reserve dispatch 𝑝𝑖 ≥ 0 or 𝑢𝑖 ≥ 0
• 𝜇𝑖
𝑚𝑎𝑥 is the KKT multiplier for maximum reserve dispatch 𝑝𝑖 − 𝑝𝑖
𝑚𝑎𝑥 ≤ 0 or 𝑢𝑖 − 𝑢𝑖
𝑚𝑎𝑥 ≤ 0
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− 𝑡𝑚𝑖𝑛 − 𝜏𝑖 If 𝑡𝑚𝑖𝑛 ≥ 𝜏𝑖
0 Otherwise
Where 𝜏𝑖 = 𝑡𝑖,𝑢 + Τ𝑢𝑖 𝑔𝑖















− 𝑡𝑗,𝑙 − 𝜏𝑖 If 𝑡𝑗,𝑙 ≥ 𝜏𝑖
0 Otherwise
Where 𝜏𝑖 = 𝑡𝑖,𝑢 + Τ𝑢𝑖 𝑔𝑖
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Reserve Price Function
• The KKT Condition on the gradients gives the relationship between the reserve price 
and the time a unit of reserve responds.
• The Reserve Price Function is
𝑐 𝜏 = 𝜈 + ෍
𝑘
𝜏≤𝑡𝑘
𝜆𝑘 𝑡𝑘 − 𝜏
where 𝜆𝑘 ∈ 𝜆𝑚𝑖𝑛, 𝜆1,𝑙 , 𝜆2,𝑙 , ⋯ and  𝑡𝑘 ∈ 𝑡𝑚𝑖𝑛 , 𝑡1,𝑙 , 𝑡2,𝑙 , ⋯
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Example 2 –Frequency Transient and Reserve Price Function
Optimal frequency transient for 
different inertia on a power system
Reserve Price Function for the same 
reserve optimisation problems
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Remuneration of Reserve
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Inertia Price
• The KKT Condition on the gradients 




Where 𝑓𝑘,𝜆 ∈ 𝑓𝑙𝑖𝑚 𝑡𝑚𝑖𝑛 , 𝑓1, 𝑓2, ⋯
Optimal frequency transient for 
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Conclusion
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Conclusion
• A new means of optimising reserve for contingencies is presented.
• Which considers response speeds within the optimisation formulation.
• Improves the utilisation of generation and reserve capacity when inertia is low.
• A pricing methodology is developed that is generalised to any positive reserve type. 
Thank you to our supporters!
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Simple Example
















































𝑚𝑎𝑥 = 6.44 𝑡2,𝑒
𝑚𝑎𝑥 = 12.43
Time, s
0 2 4 6 8 10 12 14
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PQCP Solving
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Future Development
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Modelling a Hydro Generator with a step 
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A Mixed Integer PQCP Solver
• Benefits of having a mixed integer version of the solver.
– Model reserve sharing between the North and South islands.
– Model the impact of energy generation on the expected reserve response profile.
– Allow a reserve provider to offer different response speeds.
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Give the likely parameters of the reserve response.
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Main challenge of 
negative instantaneous 
reserve it is unknown 
whether the feasible 
solution space is convex.
